Microcavity polaritons are mixed light-matter quasiparticles with extraordinary nonlinear properties, which can be easily accessed in photoluminescence experiments. Thanks to the possibility of designing the potential landscape of polaritons, this system provides a versatile photonic platform to emulate 1D and 2D Hamiltonians. Polaritons allow transposing to the photonic world some of the properties of electrons in solid-state systems, and to engineer Hamiltonians for photons with novel transport properties. Here we review some experimental implementations of polariton Hamiltonians using lattice geometries. 
Fig. 1. (a)
Photonic lattice made out of evanescently coupled Si resonator waveguides, which implements an artificial gauge field. Light tunnels from waveguide to waveguide along the edge of the lattice in a given direction. When a defect is encountered, photons go around it without backscattering. From Ref. [7] . (b) Scheme of the proposal to use coupled waveguides to realise a 2D quasicrystal with topological properties. Some of the bulk eigenstates of the crystal are shown in the lower panels. From Ref. [14] . (c) Kagome lattice of microwave resonators simulating the physics of graphene. From Ref. [32] .
Introduction
Photonic simulators have appeared in the past few years as powerful platforms for experimental studies of elaborate Hamiltonians. The use of photons allows a simple initialisation of the wavefunction in the simulator, while observables like the amplitude, the phase, or the coherence properties of the wavepackets evolving in the simulator can be directly accessed using standard optical techniques. The ability to produce on-demand a number of quantum states of light, like squeezed and entangled states or indistinguishable photons, has put photonic simulators at the forefront of quantum physics, allowing, for example, the study of the boson sampling problem [1] [2] [3] and the quantum walk with indistinguishable particles [4] . At the classical level, photonic simulators have played a key role in the implementation of artificial gauge fields for neutral particles, and have allowed the experimental investigation of Anderson localisation [5] , topological insulators [6, 7] , quantum spin- [8, 9] and the anomalous Hall effect [10] , Floquet Hamiltonians [11] , topological classes in aperiodic systems [12] [13] [14] , and the direct measurement of Chern numbers in photonic bands [15] .
The archetypical ingredients of a photonic simulator are: (i) an array of sites in which photons are trapped or can travel in a confined way (i.e. optical cavities or waveguides), and (ii) a controlled hopping amplitude between sites. Additional properties like nonlinearities or onsite gain and losses can be added to extend the classes of accessible Hamiltonians. Ranging from micron size in the near-infrared to millimetres in the case of microwaves, the large wavelength of the photons employed in these simulators allows fabricating photonic lattices with a high degree of precision using standard lithographic and 3D laser imprinting techniques. Celebrated examples of simulators include lattices of microwave cavities [16] [17] [18] , coupled optical parametric oscillators [19] and microlasers [20] , and arrays of coupled waveguides arranged both in one and two dimensions [21] . The latter system has shown an extraordinary versatility in exploring solid-state Hamiltonians. The propagation of photons in arrays of coupled waveguides can be described in the paraxial approximation by a wave equation that is formally analogous to a conservative Schrödinger equation, in which the propagation distance plays the role of time. The evanescent tail of the electromagnetic field leaking out of the waveguides allows the engineering of the hopping between sites. Remarkable observations using these lattices include Bloch oscillations [22, 23] , dynamic localisation [24] , modulation assisted tunnelling [25] , Anderson localisation [5] , transport in quasi-crystals [12, 26] , edge states in honeycomb lattices [27, 28] or the implementation of artificial gauge fields [11, 29] . By using nonlinear crystals and waveguides, soliton formation in discrete landscapes has been studied [30, 31] . Fig. 1 shows different examples of photonic simulators using coupled waveguides.
A different system to implement photonic simulators is the semiconductor microcavity. Its eigenstates are cavity polaritons, exciton-photon mixed quasiparticles arising from the strong coupling between quantum-well excitons and cavityconfined photons. Thanks to the photonic component, polaritons possess an effective mass that is 10 −5 times the mass of free electrons, and their amplitude, coherence and phase properties can be directly accessed from the leakage of photons through the Bragg mirrors that define the cavity [33] . The photonic part additionally allows the engineering of the polariton potential by laterally modifying the confinement of the cavity, as we shall see below.
Polariton interactions
One of the major assets of polaritons with respect to other confined optical systems is their extraordinary nonlinear properties, which arise from their excitonic component. They can be studied in two different types of configurations.
The first type is the so-called resonant excitation scheme, in which the energy and angle of incidence of the excitation laser are set to be quasi-resonant with a mode of the lower polariton branch. In this case, the dynamics of the polariton gas can be described by a driven-dissipative nonlinear Schrödinger equation:
where ψ(r) is the polariton wavefunction, m * is the polariton effective mass, V ext (r) is the external potential, g p is the polariton-polariton interaction constant (dependent on the exciton-photon detuning), γ p is the polariton decay rate, and F (r, t) is the amplitude of the pump laser with frequency ω and in-plane momentum k. Under intense pumping, polaritonpolariton interactions dominate over kinetic energy, resulting in phenomena like optical parametric oscillation [34, 35] , squeezing [36, 37] , bistability [38] , multistability [39, 40] , superfluidity [41] , hydrodynamic vortices [42, 43] , and dark and bright solitons [44] [45] [46] . The second type of excitation is the so-called non-resonant one, in which the excitation laser has energy much higher than the lower polariton branch. In this case, polaritons can spontaneously form macroscopic coherent states, i.e. polariton lasers, by accumulation of particles in the same state [47] . At the condensation threshold, polaritons show a strongly nonlinear input-output behaviour characteristic of bosonic stimulation, and the steady state is set by the interplay of pump, relaxation, and decay [47] [48] [49] . Their excitonic component results in significant interparticle interactions. They can be of two types: (i) polariton-polariton interactions in the macroscopically occupied state; (ii) interactions between polaritons and uncondensed excitons that accumulate in a reservoir at high energies.
A description of the polariton dynamics in the condensed regime under non-resonant excitation can be done in terms of a nonlinear Schrödinger equation with pump and losses [50] :
Here g R is the polariton-exciton interaction constant, n R (r) is the density of uncondensed reservoir excitons, and R is the relaxation rate of excitons into the condensed mode. This equation is coupled with the reservoir dynamics, which is fed by the excitation laser:
where τ R is the nonradiative recombination of excitons and P (r) is the laser pump intensity.
The interactions between polaritons and reservoir excitons have been used to optically engineer the polariton landscape. This can be done by injecting reservoir excitons in specific areas of the sample. As excitons have a much heavier mass than polaritons, they spread very little (on the micron scale) from the point where they are excited; thus, by using a proper combination of non-resonant excitation beams, the potential landscape seen by polaritons can be modified by the injection of excitons. This technique has been used to accelerate [51] [52] [53] , stop [54] , trap polaritons [55, 56] and set them in rotation [57] .
Polariton confinement
The confinement of polaritons can be engineered by tailoring the term V ext (r) in Eqs. (1) and (2) . Several techniques have been used to reduce the dimensionality of polaritons. They include strain-induced traps [58] , the use of hybrid air gap microcavities [59] [60] [61] , surface acoustic waves [62] , modification of the optical potential by gold deposition [63] or during-growth etching of the cavity layer [64, 65] [the latter two are illustrated in Fig. 2a-b] .
One of the most flexible techniques to tailor the polariton landscape is the post-growth deep lateral etching of the microcavity [ Fig. 2c ]: the strong refractive index contrast between the semiconductor and the air confines laterally the photonic component of polaritons inside the microstructure [66] . This technique has permitted the fabrication of 1D polariton circuits [51, 67, 68] , interferometers [69] and diodes [70, 71] . In this paper, we will review some of the properties of the first polariton lattices fabricated using this technique.
Coupled micropillars
The flexibility of semiconductor microcavities to engineer artificial Hamiltonians takes its full span when considering the coupling of micropillars. In an individual micropillar, polaritons are confined in the three directions in space, resulting in a discrete (gapped) spectrum [74] . The lowest energy mode presents a cylindrical, Gaussian-like amplitude distribution. The individual micropillars constitute the first ingredient to fabricate a polariton simulator, playing the role of a single site. The second ingredient is the controlled hopping between two different sites. This can be achieved by spatially overlapping two micropillars, as shown in Fig. 3a . The constriction between the pillars results in a photonic potential barrier through which the photonic component of the confined polaritons can tunnel. The height of the barrier depends on the overlap between the micropillars, thus allowing the engineering of the hopping amplitude ( Fig. 3(b) ) [75] . The system can be well described by a tight-binding Hamiltonian [76] , in which onsite interaction, pump and losses characteristic of the polaritons can be included to model the steady-state emission of the system [33] .
Already when considering just a small number of coupled micropillars, polariton nonlinearities give rise to interesting phenomena. For instance, the coupling of two micropillars allows addressing the physics of the nonlinear bosonic Josephson junction, whose dynamics are intimately related to the Josephson effect in superconductors [77] . The bosonic Josephson junction was introduced in the context of atomic Bose-Einstein condensates and presents different regimes depending on the interplay of onsite energy, hopping, and nonlinearity [78] . Resonant pulsed excitation allows preparing any at-will linear combination of the bonding and antibonding modes. Fig. 4 shows the evolution of a polariton wavepacket initialised by resonant pulsed excitation of one of the two coupled micropillars (labelled R in the figure) in three different regimes [79] . At low power [ Fig. 4(a) ], Rabi oscillations between the right and left micropillars are observed, with a period of about 21 ps. In this case, the energy of the ground state of each individual micropillar is equal, and the oscillation frequency is set by the tunnel coupling J (the period of oscillations is given by T = h/2 J ).
By injecting reservoir polaritons with a non-resonant laser in one of the micropillars, the local polariton energy can be modified via the term g R n R (r) in Eq. (2) . This is the case depicted in Fig. 4b , in which the oscillation period is now 2 , where E 0 L(R) is the energy of the ground state of the uncoupled left, L (right, R) micropillar. This situation corresponds to the so-called a.c. Josephson effect, and it was first demonstrated in polaritons by Lagoudakis and co-workers, making use of two disorder traps in a planar microcavity [80] .
Finally, a strongly nonlinear regime can be achieved by resonantly injecting a large population of polaritons in one of the micropillars. This is the case depicted in Fig. 4c . Here the interaction energy in the right pillar g p |ψ R (r)| 2 , is much larger than the tunnel coupling J . Therefore, the exchange of particles between the two micropillars is inhibited, and the system stays in a self-trapped regime for the first 60 ps. After that time, the escape of polaritons out of the cavity reduces the interaction energy and the system starts to oscillate. The key element in the Josephson physics studied above is the combination of nonlinearity and the coupling between several modes. In the case of cw excitation, the same configuration gives rise to multistability [39, 40] and self-pulsing [81] . More complex nonlinear effects are expected in photonic molecules with a larger number of sites [82, 83] . If additionally the polarisation degree of freedom of polaritons is taken into account, it has been recently shown that a spin-orbit coupling Hamiltonian can be engineered using a hexagonal structure [84, 85] .
The 1D-Lieb lattice
When extending the coupling of micropillars to periodic structures, polariton energy bands can be engineered. The first polariton lattices were fabricated by the group of Y. Yamamoto [63] by depositing thin periodic gold stripes on top of a planar microcavity [see Fig. 2a ]. The thin stripes locally alter the electromagnetic environment of the photonic mode reaching the surface of the cavity. However, the confinement thus achieved is relatively small compared to the polariton linewidth, and the engineered band gaps are hard to observe. A different technique was introduced by Cerda-Mendez and figure) . The two peaks in the traces arise from the splitting between bonding and antibonding modes, whose magnitude is determined by the overlap. From Ref. [75] . co-workers using surface acoustic waves, acting both on the excitonic and photonic components of polaritons [62] . While the potential depth of these lattices is higher than that of those fabricated using the gold deposition technique, this method is restricted to simple lattice geometries.
With respect to the aforementioned methods, the complete etching of micropillars provides a strong optical confinement, on-site control of the geometry and reduced polariton linewidth. It allows thus fabricating a wide variety of 1D and 2D lattices, including periodic [67] and aperiodic structures [68] , and lattices with engineered disorder. An interesting example of lattices that can be engineered with this technique is a 1D lattice containing a flat energy band. This is the case of the so-called 1D-Lieb lattice (also known as Stub lattice) shown in Fig. 5a , made out of three sites per unit cell (A, B and C). The solution of the tight binding Hamiltonian for equal energies in sites A and C, independent of the absolute value of the nearest neighbour coupling, shows the formation of a flat energy band surrounded by two gapped dispersive bands, as reported experimentally in Fig. 5b . Note that in the flat band, the B pillars are dark. This arises from the destructive interference of the A and C photons, which in the flat band mode have opposite phases, when tunnelling to the B pillars.
Flat bands are particularly interesting because in the Hilbert sub-space of the eigenstates of the band, the Hamiltonian does not contain any kinetic energy term (the effective mass is infinite). Therefore, the physics of the system is dominated by any other term in the Hamiltonian, for instance, disorder or interactions [87] [88] [89] . As these terms act on the eigenstates in a non-perturbative way no matter their strength, it is not straightforward to compute the eigenenergies and eigenfunctions for large system sizes. The polariton simulator thus allows accessing this physics straightforwardly. Additionally, when the driven-dissipative nature of polaritons is taken into account, it allows addressing the question of the spatial and spectral shape of the lasing mode in a flat band [20] . Reviewing these phenomena, in particular the role of disorder, in polariton experiments will be the goal of this section. For further details, refer to Ref. [86] and works cited therein. Fig. 6b-d shows the emission spectrum in momentum space for three different pumping powers. Only the emission linearly polarised along the long axis of the wire is selected. The structure is pumped non-resonantly with an elongated excitation spot centred on the geometrical centre of gravity of the structure, as sketched in Fig. 6a . At low pumping power (Fig. 6b) , the three bands are homogeneously populated via incoherent relaxation. The dark areas at the centre of the first Brillouin zone appear as a consequence of the destructive interference characteristic of antibonding bands along high symmetry directions in momentum space [76] .
Above a certain threshold pumping power P th (Fig. 6d) , polariton lasing takes place at the point of the highest dispersive band. Lasing from this high energy state is not possible in systems in thermodynamic equilibrium, in which the state that accumulates the highest number of particles is the ground state and it is therefore the first to reach degeneracy. However, the polariton laser is out of equilibrium, its steady state is set by the interplay of pumping, relaxation and losses, and it can take place in excited states [90, 91] . The lasing state is the first in which gain overcome losses when increasing the excitation power. A key parameter in setting the threshold is the overlap between a particular mode and the excitonic reservoir that feeds it. As theoretically introduced by Ge et al. in Ref. [92] , this overlap is strongly influenced both by polariton interactions, which modify the spatial shape of the polariton modes, and by the shape of the pumping spot. Taking advantage of these properties, polariton lasing in the flat band can be triggered by changing the pumping geometry such that the overlap between the pump laser and the flat band modes is enhanced. As the flat band modes have high probability amplitude in the external micropillars (Fig. 5c) , shifting the pumping spot towards those pillars (Fig. 6g ) allows lasing to happen in the flat band modes. Fig. 6h -j shows the emission with the off-centred pumping configuration for polarisation perpendicular to the axis of the lattice. At low power (Fig. 6h) , the bands are a bit different from the case of polarisation parallel to the lattice axis. The reason is the different confinement within the pillars for the two polarisations, which is strongly affected by the direction of the links to the adjacent pillars. For polarisation perpendicular to the lattice axis the photonic mode is more confined in pillars C than in pillars A. Therefore, the latter have a lower energy than the former. This breaks the condition for the existence of a flat band, and the three bands become dispersive, as shown in Fig. 6h .
When increasing the excitation density, the excitonic reservoir injected by the pumping laser interacts repulsively with the polariton modes: it induces a blueshift of the energy of the pumped micropillars. As the pumping spot is now centred on the external pillars, the blueshift is larger for the A than for the C pillars. Therefore, at intermediate powers the flat band condition (equal energy of A and C pillars) is restored for this polarisation, as shown in Fig. 6i . At even higher powers, lasing takes place in the flat band (Fig. 6j) . In real space (Fig. 6k) , the emission shows dark B pillars, characteristic of the flat band modes.
In the absence of any interaction or disorder, the flat band presents a high degeneracy (all flat band modes are at the same energy). The minimal size eigenmodes are plaquette states involving 1.5 unit cells [89, 93] . By coherently adding plaquettes, any eigenmode size is possible from a single plaquette to an extended Bloch mode. An interesting question is then in which mode polariton lasing takes place.
A spectrum of the laser emission provides valuable information in this respect. Fig. 7b shows the energy and spatially resolved emission of the line of C pillars when lasing takes place in the flat band. Lasing in independent plaquettes of about 1-3 unit cells with different energies is observed. This is compatible with the smallest possible plaquette size in this lattice. In stark contrast, lasing from the upper dispersive band (Fig. 7a) shows a high spatial homogeneity in its spectral emission.
In the experiments reported in Fig. 7 , very close to the threshold, polariton-polariton interactions within the condensate can be neglected. Fig. 7 thus shows the extreme sensitivity of the flat band modes to disorder. Both spectra have been measured on the exact same position of the 1D Lieb lattice. In the case of the polariton laser in the dispersive band, the effect of disorder is determined by the Anderson localisation physics. For the values of on-site disorder measured in our sample (about 30 μeV), the Anderson model predicts a localisation length of about 8 unit cells. For a strictly flat band, in the absence of dissipation (linewidth equal to zero), the expected localisation length is 1.5 plaquettes, independently of the disorder strength. This is the average size of the different energy plaquettes shown in Fig. 7b .
In the experiments discussed here, it has been evidenced the strong impact of disorder on the localisation of a polariton condensate in a flat band. Interesting avenues appear when these condensates are subject to high enough interactions. In this case, it has been predicted the formation of self-organised patterns at particular filling factors [89] , and more recently, the emergence of quantum effects in the photon emission statistics [94] . Higher nonlinearities might be accessible via resonant injection of polaritons at the flat band energy, or by reducing the size of the micropillars and the number of quantum wells in the sample.
Two-dimensional lattices
More sophisticated band dispersions can be engineered by extending the lattices to two dimensions. The first works on 2D polariton lattices date back to 2011, with the report of polariton condensation in a square lattice fabricated using the gold deposition technique of the group of Yamamoto [95] (see Fig. 8a-c) . This group has performed studies in triangular [96] , hexagonal [97] and Kagome [98] lattices. However, the shallowness of the potential that can be implemented with this technique (on the order of the linewidth) has prevented the clear observation of the Dirac cones and two dimensional flat bands characteristic of the hexagonal and Kagome lattices, respectively. Deeper square lattices have been fabricated using either coupled mesas etched during the growth of the microcavity [65] , or surface acoustic waves [99] , allowing the observation of two-dimensional minibands and complete gaps (Fig. 8d-e) . The lowest energy band of this square lattice presents a dispersion with an effective negative mass at the Brillouin zone edges. Using an optical parametric configuration, Cerda-Mendez and co-workers observed the nucleation of bright solitons in negative effective mass states [100] . Similar localised structures have been observed in 1D lattices with a periodic modulation [67] .
The first two-dimensional polariton structure fabricated in fully etched microcavities was the honeycomb lattice ( Fig. 9a ) [76] , which shares the same geometry as graphene. In this two-dimensional material, two of the three 2p orbitals of each carbon atom hybridize with the s orbitals to produce covalent bonds with three neighbouring carbon atoms, resulting in the honeycomb structure. The remaining p z orbital of each carbon atom is cylindrically symmetric, sticks out of the atomic plane, and contains valence electrons that can tunnel from p z orbital to p z orbital. This hopping is well described by a tight binding Hamiltonian, and it gives rise to two dispersive bands that touch at six points in the first Brillouin zone -the so-called Dirac points [101] . Fig. 9c shows the photoluminescence spectrum of a polariton honeycomb lattice. The characteristic linear dispersion around the six Dirac points is evidenced. This observation shows that we can transfer to the polariton system many of the well-known electronic properties of graphene. The direct access to the wavefunctions makes the polariton system particularly suitable for these studies. The eigenfunctions for energies close to the Dirac points present a spinor character with intriguing phase properties [101, 102] . The conservation of the pseudospin results in the Klein tunnelling of electrons in graphene: the absence of backscattering when electrons encounter a potential barrier [103] . This phenomenon is related to weak antilocalisation in the presence of disorder, indirectly observed in electronic transport measurements [104] , and accessible in a photonic system in the polariton honeycomb lattice.
Another consequence of the particular spinor structure of the wavefunction in a honeycomb lattice is the existence of edge states in finite size ribbons: it has been shown that the winding of the phase of the wavefunctions around the Dirac cones can be connected to the appearance of edge states similar to those emerging in the one-dimensional Su, Schrieffer, Heeger model [105] . The direct access to the wavefunction via the emitted photons permits the study of the edge states of this lattice. For instance, when exciting the lattice close to a zigzag edge, strong emission is observed from the last row of micropillars at the energy of the edge states expected from a calculation using a tight-binding Hamiltonian [106] . Similar edge states are also observed in the bearded edges, as expected and previously reported in coupled waveguide simulators [27] .
A different striking effect accessible in this lattice is that of polariton lasing under out-of-resonance excitation [76] . Remarkably, lasing does not take place at the bottom of the lower polariton branch, but at the top of the band, as it was the case in the Lieb lattice. Polariton states at that point in the dispersion have an anti-bonding character with a zero of the wavefunction in the region between adjacent micropillars (see Fig. 9d ), where losses are higher. The antibonding character of the lasing mode can be evidenced in an interferometric experiment as shown in Fig. 9e : the wavefunction presents a change in π between adjacent micropillars. The figure also shows the spatial coherence of the lasing mode, extended over several unit cells. The polariton simulator provides a versatile sandpit to explore the influence of strain in the topological properties of hexagonal and other lattices. Merging of the Dirac cones [18, 107, 108] , artificial gauge fields [29, 109] and the appearance of novel edge states [28] can now be studied in a platform with unprecedented nonlinearities.
Perspectives
The combination of nonlinearities and lattices puts the polariton system at the forefront of research on quantum emulation in the solid state. Up to know, the nonlinear phenomena studied with microcavity polaritons have been restricted to the mean field level [33] . The possibility of reaching the quantum nonlinear regime, in which a single polariton would be enough to shift the onsite energy by more than the linewidth, would open new perspectives in the use of these quantum simulators. Expected phenomena are the single photon blockade [110] , photon crystallisation [111, 112] , X-Y models [113] or the photonic analogue of the insulator-superfluid phase transition [114, 115] . While this situation remains still a challenge, there have been interesting proposals and first experiments to increase the polariton nonlinearities, in particular by using the combination of polaritons with 2D electron gases [116] .
Polariton lattices are also interesting in view of studying topological photonics. The intrinsic polarisation properties of polaritons [117] have been predicted to give rise to new types of spin-orbit coupling effects when combined with lattice geometries [118] . Additionally, either by using their nonlinear character [119, 120] , or their sensitivity to magnetic fields [121, 122] , polaritons in a lattice could give rise to chiral edge states with topologically protected transport.
